Lévy Flights and Hydrodynamic Superdiffusion on the Dirac Cone of Graphene by Kiselev, Egor I. & Schmalian, Jörg
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We show that the hydrodynamic collision processes of graphene electrons at the neutrality point can be
described in terms of a Fokker-Planck equation with a fractional derivative, corresponding to a Lévy flight
in momentum space. Thus, electron-electron collisions give rise to frequent small-angle scattering
processes that are interrupted by rare large-angle events. The latter give rise to superdiffusive dynamics
of collective excitations. We argue that such superdiffusive dynamics is of more general importance to the
out-of-equilibrium dynamics of quantum-critical systems.
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The kinetics of large gravitational systems such as
globular clusters in galaxies or of a classical charged
plasma are governed by continuous collisions with
small-angle scattering. The origin for this behavior is the
long-range character of the Newton or Coulomb force,
respectively. Such small-angle collisions behave in velocity
space like drag and diffusion events, where a Fokker-
Planck equation offers an efficient description [1–3].
Collisions can thus be seen as a Gaussian random walk
in phase space. The velocity of a plasma or gravitational
dust particle undergoes ordinary Brownian motion.
Quantum many-body systems that are near a quantum-
critical point are governed by soft modes that will also
induce effective long-range interactions [4]. This begs the
question of whether such quantum-critical systems also
allow for an effective Fokker-Planck description of the
nonequilibrium kinetics, in the collision-dominated hydro-
dynamic regime and in the crossover regime from hydro-
dynamic to ballistic dynamics. Candidate systems are
itinerant electrons near magnetic or nematic quantum
phase transitions [5–14], the superconductor-insulator
phase transition [15], or graphene near the Dirac point
[16]. Anomalous diffusion was even shown to be present in
two-dimensional Fermi liquids[17–23].
In this Letter, we analyze the quantum kinetics of
graphene near the Dirac point with an electron-electron
Coulomb interaction. We show that the kinetic theory at
charge neutrality [24–28] can be expressed in terms of a
Fokker-Planck equation, yet with a fractional derivative
with respect to the momentum direction. The underlying
random processes are Lévy flights [29–31], which are
non-Gaussian random walks for which the step widths
are distributed according to a power law. The slowly
decaying tail of the step-width distribution makes it
impossible to define a diffusion constant or to use a
conventional Fokker-Planck equation. However, a diffusion
equation of the form
∂ρ
∂t þDμj△j
μ=2ρ ¼ 0; ð1Þ
with an appropriately generalized fractional derivative
[32,33] can be used to describe such random walks.
Lévy flights have been discussed to model the migration
pattern of animals as they search for resources [34,35], to
model the high-frequency index dynamics of the stock
market [36], or to describe distances between consecutive
earthquakes [37]. In our system, they correspond to random
walks in momentum space with power-law weight for large
momentum-transfer processes. We demonstrate that the
collision operator due to electron-electron interactions in
graphene takes the form of a fractional derivative. Then, the
Boltzmann equation becomes a fractional Fokker-Planck
equation, which is similar to Eq. (1) with an exponent of
μ ¼ 1:







fkλ ¼ Skλ; ð2Þ
where θ determines the electron momentum direction:
k ¼ kðcos θ; sin θÞ. The precise definition of the fractional
derivative is given below. This result implies that the out-
of-equilibrium dynamics of graphene in the hydrodynamic
regime is governed by a wrapped Cauchy flight [38,39],
which is a specific Lévy flight on the Dirac cone. In
Fig. 1(a), we show a simulation of ordinary Brownian
motion on a ring and of the wrapped Cauchy flight. Details
of this simulation are summarized in the Supplemental
Material [40], which includes Refs. [41–45]. The occur-
rence of rare large-angle jumps is clearly visible. The
corresponding phase-space dynamics is sketched in
Fig. 1(b). Although the direction of k undergoes anomalous
diffusion, its magnitude k≡ jkj is of the order of kBT=v0
with the graphene group velocity of v0 ≈ 108 cm=s. The
characteristic time of the process is τL with
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ℏτ−1L ≈ 11.66α2kBT; ð3Þ
where the fine-structure constant of graphene is α ¼
e2=ðℏϵv0Þ. τL agrees up to a numerical coefficient with
the collision time for the hydrodynamic transport behavior
of graphene at the Dirac point [24–26]. Below, we discuss
how τL is determined. Such a timescale was recently
observed experimentally in the terahertz spectroscopy of
graphene at charge neutrality [46].
Lévy flights in graphene have been discussed in
Ref. [47], where an engineered distribution of adatoms
was shown to result in a superdiffusive behavior of charge
carriers, and in Ref. [48], in the context of highly photo-
excited carriers that relax according to a cascade of
processes—a behavior with interesting implications for
pump-probe experiments. This can be seen as a super-
diffusion in energy space far from equilibrium. It affects
the magnitude of the momentum. Here, we focus on the
low-energy hydrodynamic regime and find a very different
behavior for the directional diffusion in momentum space.
Nevertheless, these results strongly suggest that super-
diffusive phase-space dynamics is a more common phe-
nomenon in quantum-critical systems.
We start from the Boltzmann equation
½∂t þ vkλ ·∇x þ Fðx; tÞ ·∇k þ Cfkλðx; tÞ ¼ 0 ð4Þ
for the electron distribution function fkλðx; tÞ, where k
refers to the momentum and λ ¼ 1 labels the upper and
lower cones of the Dirac spectrum εkλ ¼ λv0jkj. vkλ ¼∂εkλ=∂k is the velocity vector, and Fðx; tÞ is some external
force, e.g., due to an external electric field. C is the
Boltzmann collision operator due to electron-electron
interactions and was derived to order α2 in Ref. [24] from
a Keldysh-Schwinger approach; see this also in [40].




W12;34½f1f2ð1 − f3Þð1 − f4Þj
− jð1 − f1Þð1 − f2Þf3f4: ð5Þ
The transition probability W12;34 is due to the electron-
electron Coulomb interaction e2=ϵ of Dirac fermions that
are confined to a two-dimensional system. ϵ is the dielectric
constant determined by the substrate. For freestanding
graphene, ϵ ¼ 1 and the fine-structure constant α ≈ 2.2
is of order unity. A renormalization group analysis shows
that α flows towards weak coupling, justifying our pertur-
bative approach [16].
As usual, the kinetic distribution function fλ;k is
expanded around the local equilibrium distribution f0kλ ¼
ðeβðϵλ;k−μÞ þ 1Þ−1 and parametrized as (fð0Þk ¼ fð0Þkþ):
fkλðx; tÞ ¼ fð0Þkλ þ fð0Þk ð1 − fð0Þk Þψkλðx; tÞ: ð6Þ
We linearize the Boltzmann equation with respect to
ψkλðx; tÞ. With the Liouville operator
L ¼ ð∂t þ vkλ · ∇xÞfð0Þk ð1 − fð0Þk Þ; ð7Þ
we obtain a compact formulation of the Boltzmann
equation: ðLþ CÞψ ¼ S. Skλðx; tÞ contains external per-
turbations, such as those due to a space- and time-
dependent electric field or flow-velocity gradient. The
operators L and C act on the momentum and band indices
k and λ, respectively. Taking into account the kinematic







δðkþ k0 − jkþ qj− jk0 − qjÞ
× ð1− fð0Þk Þð1− fð0Þk0 Þfð0Þjkþqjfð0Þjk0−qj
× fγð1Þk;k0;qðψkþqλ þ ψk0−qλ − ψk0λ − ψkλÞ
þ γð2Þk;k0;qðψkþqλ − ψ−k0þqλ̄ þψ−k0 λ̄ − ψkλÞg; ð8Þ
where the matrix elements γð1;2Þk;k0;q are given in Ref. [40] and
Z
k
   ¼
Z
d2k
ð2πÞ2    :
One easily finds the zero modes that correspond to the
conservation laws [24]. Equation (4) was obtained by
projecting the distribution function onto the helical
eigenstates of the problem. The same projection was
FIG. 1. (a) A wrapped Gaussian flight (upper circle) and a
wrapped Cauchy flight (lower circle) with rare large momentum-
transfer processes. (b) Illustration of Lévy flight in momentum
space for graphene at the Dirac point. Electrons and holes that are
thermally excited collide with each other. Most of the time, the
momentum transfer due to the electron-electron Coulomb inter-
action leads to small-angle scattering. However, those processes
are interrupted by rare processes with large momentum transfer.
The latter change the dynamics of the system qualitatively,
leading to an accelerated or superdiffusive dynamics.
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performed in the derivation of the collision operator
[24,40].
The usual analysis of the Boltzmann equation proceeds
as follows: One performs a Fourier transformation from
ðx; tÞ to ðq;ωÞ and introduces a complete set of states χðsÞkλ








The Liouville operator becomes
L ¼ ð−iωþ ivkλ · qÞfð0Þk ð1 − fð0Þk Þ:
The distribution function then follows as ψ ¼ ðLþ CÞ−1S.
For finite ω or q, the operator Lþ C is nonsingular. This
program is somewhat simplified for graphene at charge
neutrality. As shown in Refs. [24–26,28], scattering
processes where all momenta are collinear are enhanced
by a factor log ð1=αÞ. This can be used to identify the
dominant modes, which are derived in the Supplemental
Material [40]:
χðm;sÞkλ ¼ λmeimθf1; λ; λv0k=ðkBTÞg; ð9Þ
where m ∈ Z is the angular momentum quantum number,
whereas s ∈ f1; 2; 3g labels the collinear modes for given
m. We solve the kinetic equation by projecting it onto the
dominant collinear modes χðm;sÞkλ , but we checked that our
key conclusions are unchanged if we choose a larger set
of basis functions. Also, if we restrict our considerations to
the transport of charge due to external electric fields, it
suffices to consider the modes χðm;1Þkλ ¼ λmeimθ of Eq. (9).
For simplicity, we confine ourselves to electric-field source
terms and only discuss this mode. The generalization to
other modes is straightforward.
The low-energy Dirac Hamiltonian is rotationally invari-
ant such that the collision operator becomes diagonal in the
angular momentum representation:





The diagonal elements are, besides a convenient prefactor,
the scattering rates of the corresponding angular momen-
tum channel. τ−10 ¼ 0 due to charge conservation, whereas
the collision rate
ℏτ−11 ¼ 3.646α2kBT ð11Þ





4 ln 2kBTð−iℏωþ ℏτ−11 Þ−1:
τ−11 was recently observed in Ref. [46] using a wave-
guide setup, which is a demonstration of quantum-critical
hydrodynamic transport. The dramatic violation of the
Wiedemann-Franz law at charge neutrality is another
important indication for electronic hydrodynamics at
charge neutrality [49].
We evaluated the matrix elements hmjCjmi and obtain
τ−1m ¼ τ−11 ðκjmj − κ0Þ; ð12Þ
where the two numerical constants are given as κ ≈ 3.199
and κ0 ≈ 4.296; see also Fig. 2. This behavior is asymp-
totically exact at large m but already valid with good
accuracy for m > 2. The most important aspect of this
result is that the dependence of the scattering rate on the
angular momentum m is nonanalytic. To simplify the
analysis, we assume in the following that τ−1m ¼ τ−1L jmj,
where τ−1L ¼ κτ−11 is the characteristic time of the Lévy
flight process, which is given in Eq. (3).
The implication of the jmj dependence of τ−1m becomes
evident if we consider the scattering between two distinct
momentum directions. Fourier transformation of τ−1m yields
FIG. 2. Upper panel: Angular momentum dependence of matrix
elements of the collision operator hm; sjCjm; s0i, where s ∈
f1; 2; 3g refers to the collinear eigenmodes of Eq. (9). In the
text, we discuss (for simplicity) only hmjCjmi≡ hm; 1jCjm; 1i.
Lower panel: log-log plot of matrix element demonstrating that
we can distinguish the jmj dependence from, e.g., jmj log jmj.
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hθjCjθ0i ¼ − ln 2τ
−1
L
ð2πÞ2sin2½ðθ − θ0Þ=2 : ð13Þ
Thus, we obtain a slowly decaying power law of
∼ðθ − θ0Þ−2 for scattering processes away from forward
scattering. Using this result for hθjCjθ0i, we can rewrite the
Boltzmann equation in the form of Eq. (2) with the
characteristic time τL of Eq. (3) for the Lévy flight. To
arrive at Eq. (2), we used that the convolution of the











tan ½ðθ − θ0Þ=2 dθ
0; ð14Þ
Eq. (14) is a special case of the Riesz-Feller derivative
△μ=2 [32,33].
There are some profound implications that this fractional
Fokker-Planck formulation immediately reveals. For exam-
ple, we consider a scenario where we inject a highly
directed excitation [23]. To this end, we consider a source
term in the Boltzmann equation that causes this excitation:




We assume that we will only inject excitations in a
window kBT near the Dirac point, hence the factor
fð0Þk ð1 − fð0Þk Þ. In addition, we decompose the source term
into its angular momentum modes. The linearized
Boltzmann equation is applicable if jδhλmj ≪ 1. To
describe an excitation that is peaked along an axis given
by a certain momentum direction, we use δhλ;m ¼ δhλm,
which has the same λ dependence as the s ¼ 1 mode of
Eq. (9). The solution of the fractional Fokker-Planck
equation for a homogeneous case of q ¼ 0 is then given as
ψλðθ; tÞ ¼ δhΘðtÞ
sinh ðt=τLÞ
cosh ðt=τLÞ − λ cosðθÞ
: ð16Þ
This function is known as a wrapped Cauchy distribution
with circular variance 1 − e−t=τL [38,39]. ΘðtÞ is the step
function. ψþðθ; tÞ is shown in the upper panel of Fig. 3.
For t ¼ 0, ψλðθ; tÞ corresponds to two delta functions
due to particle and hole flows in opposite directions. Let us
concentrate on the particle channel λ ¼ þ1. For short times
of t ≪ τL, the peak in the initial current direction decays as




whereas the distribution function grows linearly for all
nonzero angles:






The same behavior occurs for λ ¼ −1 if we shift
θ → θ þ π. This behavior is in contrast to the one that
follows from usual Fokker-Planck diffusion. The latter we
obtain, for example, from collision rates τ−1m ∼m2. Then,
the usual spreading of a Gaussian wave package occurs
with ψþðt; θ ¼ 0Þ ∝ t−1=2 and ψþðt; θ ≠ 0Þ ∝ t2 (lower
panel of Fig. 3). Although the forward direction of the
distribution decays more slowly for Lévy flights than in
usual diffusion, the growth at larger angles is much faster,
hence the name superdiffusion.
A tangible implication of this superdiffusive charge
motion is the heating of the system after the injection.














The heat density caused by the injection is given by
δqðtÞ ¼ T½seq − sðtÞ. Inserting the distribution function
of Eq. (16), we obtain
FIG. 3. Upper panel: Postinjection distribution function that
follows from the fractional Fokker-Planck equation [Eq. (2)] with
the external perturbation of Eq. (15). Notice the superdiffusive
dynamics at short times. Lower panel: Comparison of super-
diffusive and diffusive dynamics at short times. At angles away
from the peak at θ ¼ 0, superdiffusion leads to a faster growth of
the distribution function. Inset: The initial peak at θ ¼ 0 decays




for ordinary diffusion. This
behavior dominates the heating of the system (see main text).











where seq is the equilibrium entropy density. In order to
stay within the regime of linear response, we are confined
to t > δhτL. For t → ∞, one finds s → seq; and we obtain
sðtÞ ¼ seq

















This result is a direct consequence of the superdiffusive
behavior: in particular, of the slow decay along the forward
direction. In the case of ordinary diffusion follows instead of
Eq. (21) δqðtÞ∝t−1=2, which is a faster behavior then that of
Eq. (21) (see Fig. 3 and [40]). However, adjusting δh such
that the same amount of heat is produced for Lévy and
diffusive behaviors, the initial heating of the Lévy flight is
larger. The m dependence of τ−1m that is responsible for the
Lévy flight behavior can also be seen in nonlocal transport
coefficients because the conductivity at finite momentum q
couples the different harmonics of the distribution function.
As an example, we show, in the Supplemental Material [40],
the transverse optical conductivity at finite q. Nevertheless,
experiments with directed electron beams [50], which in the
past have been used to investigate electron-electron scatter-
ing effects [51], seem to offer amore directway of testing the
short time behavior of Eq. (21).
The occurrence of Lévy flights to describe scattering
processes in momentum space is a more general phenome-
non and not restricted to graphene at the neutrality point.
In two-dimensional Fermi liquids with characteristic rate






−1 ∼ τ−1FLðmp=MpÞ log jmj with p ¼ 2½1þ ð−1Þm,
whereas τ−1m ∼ τ−1FL for jmj > M [18,23]. TF is the Fermi
temperature. This yields superdiffusive behavior in a wide
time window. Another system that also shows τ−1m ∝ jmj for
arbitrarily large m consists of electrons in a random
magnetic field, which are important for the description
of composite fermions in the fractional quantum Hall
regime [52]. Our analysis implies that this system should
also undergo a wrapped Cauchy flight in momentum space.
Large classes of quantum-critical systems (discussed, e.g.,
in Refs. [5–15]) are governed by long-ranged soft-mode
interactions. An analysis of collision processes along the
lines discussed here may reveal a nonanalytic dependence
of the scattering rates on an angular momentum quantum
number according to τ−1m ∝ jmjμ=2. This would give rise
to a more general class of wrapped Lévy flights, which
are a consequence of the power-law behavior hθjCjθ0i ∝
jθ − θ0j−1−ðμ=2Þ near forward scattering. This could occur on
the Fermi surface for itinerant quantum-critical systems or
near a soft momentum in critical bosonic systems. If a
fractional Fokker-Planck formulation, along the lines of our
Eq. (2), can be derived, it will be significantly easier to
draw conclusions about the out-of-equilibrium dynamics of
the system, such as a focussed injection of collective
excitations. Finally, we mention that the formulation of
the Boltzmann equation presented here can also be used to
study the nonlocal electric and thermal conductivities and
viscosities, allowing insight into the diffusive and sound
excitations in the hydrodynamic regime [53].
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